\S 1. Introduction
Let $R$ be a modulared semi-ordered linear space with a modular $m^{1)}$ .
We define the two norms on $R$ by the formulas: satisfies all the modular conditions (cf. [2, \S 38] ). We know (cf. [3, \S \S 80-83 The first and second norms satisfy always (f ) 111 $x|||\leqq||x||\leqq 2|||x|||$ for all $x\in R$ , and a fortiori, they are equivalent (cf. [3, \S 83] One of the important problems in the theory of modulared semiordered linear spaces is to characterize the properties of the norms by those of the modulars. In this paper we shall give such characterizations for (uniform) monotony and (uniform) flatness2) of the norms.
\S 2. Preliminaries
A norm $||x||$ on a semi-ordered linear space $S$ is said to be $monotone^{3)}$ , if $a\cap b=0,$ $||a||=1,$ $||b||\geqq\epsilon>0$ implies $m$ is said to be $monotone^{4)}$ , if (1) $\lim_{\xi\ovalbox{\tt\small REJECT}}\frac{m(\xi x)}{\xi}=0$ for all $x\in R$ , and is said to be uniformly monotone, if
We use frequently the following properties of modulars:
. is a convex function of
is an increasing function of 2) For the definitions, see \S 2.
3) We may define monotony as follows: $0\leqq a<b$ implies $||a||<||b||$ . In the sequel $R$ denotes a modulared semi-ordered linear spaoe the dimension of which is greater than 2.
In this section, we give conditions for the norms by modulars to be (uniformly) monotone. We begin with some elementary but important lemmas concerning the norms by modulars. Lemma 3.1. (1) If $m(a)<|||a|||$ , then 111
Proof. (1) and (2) are direct consequences of the definition (b) .
This is a contradiction, because of (2) .
Q.E.D. 5) A modular is said to be monotone complete, if $\sup_{\lambda\in\Lambda}m(a\lambda)<+\infty,$ $0\leqq a_{\lambda\uparrow\lambda\in A}$ implies existence of $\bigcup_{\lambda\in\Lambda}a_{\lambda}$ . A norm $||\cdot||$ is said to be continuous, if $a_{u_{U}}\downarrow_{=1}^{\infty}0$ implies $\lim_{v*oo}||a_{u}||=0$ .
11
$a||=\tilde{a}(a)$ .
Proof. (1) By the definition (a) Theorem 3.1. In order that the first norm be monotone, it is necessary and sufficient that one of the following conditions is satisfied: From the above and (p) we obtain
(in particular if (2) holds), by Lemma 3.3 we obtain $||a+b||=||a||+||b||>||a||$ . 7) $R$ is said to be semi-singular, if for any $0<a\in R$ there exists $0<b\in R$ such that
If $m(\xi_{0}(a+b))+1=\xi_{0}||a+b||$ for some $\xi_{0}>0$ , then the condition (1) implies 11 $a||<\frac{1+m(\xi_{0}a)}{\xi_{0}}+\frac{m(\xi_{0}b)}{\xi_{0}}=||a+b||$ , and the condition (3) implies
li by (3) , and if
Thus the first norm is monotone.
Q.E.D.
Now let the first norm be uniformly monotone. Then, considering
with the second-associated modular $ m^{8)}\approx$ and using (d) and Lemma $A$ , we may assume that $R$ is monotone complete. If (1) 
For any $\gamma>0$ and $a\in R,$ $||a||=1$ with $a\cap a_{i}=0$ (fo $r$ some i)
Since unifo$rm$ monotony of the first norm implies $\min_{i=1,2,..n}.,x\cap a\inf_{||x|I^{i}<1}\approx 0\Vert x+\frac{\alpha}{\gamma}a_{i}\Vert\geqq 1+\delta$ for some
we obtain
On the other hand, as in case (1) , $m$ is uniformly simple on $R_{1}$ .
Thus we have proved the " necessity" part of the following theorem.
Theorem 3.2. In order that the first norm be uniformly monotone, it is necessary and sufficient that one of the following conditions is satisfied:
(1) $m$ is uniformly simple, (3) $0<dim$ $(R_{2})<+\infty$ and $m$ is uniformly simple on $R_{1}$ , and for any
Proof of sufficiency. The proof fo$r(1)$ is a slight modification of [2, Theorem 48.8] . If (2) Since $m$ is uniformly simple on $R_{1}$ , there exists
, where $\gamma=\sup_{|(x||=*}\frac{2}{|||x|||}$ , then
because of (f) and $(n^{\prime})$ . Finally, if $a\in R_{1}$ and $\xi_{0}\leqq\gamma$ , then by (3) $||a+b||\geqq\frac{1+m(\xi_{0}a)}{\xi_{0}}\geqq 1+\delta$ .
Thus the first norm is uniformly monotone.
Remark 3.2. The conditions (2) and (3) in Theorem 3.1 can be written in terms of modulars as follows: Now we shall consider the second norm. Theorem 3.3. In order that the second norm be monotone, it is necessary and sufficient that the following two conditions are satisfied: Sufficiency. If $0<b,$ $a\cap b=0$ and 111 $a|||=1$ , then by (1) and (2) $1=|||a|||=m(a)<m(a+b)$ , hence 111 $a+b|||>1=|||a$ III by the definition $(b)$ .
Q.E.D. Theorem 3.4. In order that the second norm be uniformly monotone, it is necessary and sufficient that the following two conditions are satisfied:
Proof of sufficiency is a slight modification of [2, Theorem 48.9] . Necessity. We prove firstly that for any $0<p\in R$ $(*)$ sup $infm(\xi x)=1$ . (2) in Theorem 3.3 may be replaced by finiteness of the modular, and in Theorem 3.4 (1) and (2) together may be replaced by uniform simplicity of the modular by Lemma $D$ .
Remark 3.4. The condition (2) in Therem 3.3 can be written in terms of modulars as follows: (2) $\sup_{\xi}\{m(\xi x):m(\xi x)<+\infty\}\geqq 1$ for all $x\neq 0$ .
\S 4. Flatness
From the definition (i), to prove flatness, sometimes we may restrict ourselves to the two-dimensional subspace spanned by two (fixed) orthogonal elements.
Using Hahn-Banach's theorem (cf. [3, \S 44]) we can prove: 10) We know that (2) in Theorem 3.3 implIes the continuity of the norm. The argument in [1] shows that in a non-atomic sPace continuity of the norm is equivalent to finiteness of the modular. -type and is not flat. Thus (2) holds. The proof of sufficiency proceeds along the same idea. Q.E.D. Theorem 4.2. In order that the first norm be uniformly flat, it is necessary and sufficient that the following two conditions are satisfied:
Proof. Necessity. It is sufficient to prove (2) $R$ is non-atomic, in Theorem 4.2 (1) and (2) (2) in Theorem 4.1 can be written in terms of modulars as follows: (2) $\sup_{\epsilon\geq}\inf_{\eta>0}\frac{\xi m(\eta a)-\eta m(\xi a)+\xi}{\eta}\geqq 1$ for all $a\in R$ .
Now we turn our attention to the second norm. hence by Lemma 3.3 Proof of sufficiency. Let $a\cap b=0$ and III $a|||=|||b|||=1$ . Suppose (1) to be valid. Then for any $0<\epsilon<1$ by Lemma 3.1 we have $|||a+\epsilon b|||\leqq 1$ or $|||a+\epsilon b|||\leqq m(a+\epsilon b)$ , consequently $\lim_{\text{\'{e}}-\succ 0}\frac{|||a+\epsilon b|||-1}{\epsilon}\leqq\inf_{\epsilon>0}\frac{m(\xi b)}{\xi}=0$ .
If (2) (3) for any $\gamma>2$ the $re$ exists $1>\delta>0$ such that is necessary and sufficient that one of the following conditions is satisfied:
(1) $m$ is uniformly monotone,
$ 0<\dim(R_{4})<+\infty$ and $m$ is uniformly monotone on $R_{3}$ , and
Proof of sufficiency. The proof for the case (1) was given in [2, \S 48] .
If (2) 
